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SYSTEMS OF LINEAR INEQUALITIES. 

By Lloyd L. Dines. 
The existence of a solution of the system of inequalities 
anX! + a 12 x 2 + ■ • ■ + a ln x n > 
a 2 iXi + a 22 x 2 + • ■ ■ + a 2n x n > 



O-mlXi -\- Ct, m2 X 2 -T • • • T" O-mnXn > 0, 



and the character of the solution in case one exists, obviously depend upon 
the matrix of the coefficients. There seems however to be no terminology 
available for the characterization of the solution in terms of this matrix, 
and no well-recognized algorithm for the actual determination of the solu- 
tion. This is in marked contrast to the analogous situation in the case 
of the system of equations formed by replacing the symbol > by the 
symbol = in (1). In the present paper a study is made of the system (1) 
and also of a system of non-homogeneous inequalities from the point of 
view of the matrix of coefficients. The central feature is a concept analo- 
gous to the rank of a matrix, which we call the inequality-rank or I-rank 
of the matrix. In terms of this concept the principal results are expressed 
in Theorems I-IV. 

1. The I-rank of a Matrix. Let 



M = 



^11 a\ 2 • • • din 
a 2 \ a 22 • • • a 2n 

ami a m2 ' • ' a m n 



be a matrix whose mn elements are real. For our purpose it is impor- 
tant to distinguish the case in which at least one column of M has elements 
all of the same sign. We make the 

Definition. A matrix will be said to be I-positive (or I-negative) with 
respect to a given one of its columns if all elements of that column are positive 
(or negative). In either case the matrix will be said to be I-definite with re- 
spect to that column. A matrix will be said to be I-positive (or I-negative, 
or I-definite) if it possesses a column with respect to which it is I-positive 

(or I-negative, or I-definite). 
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Suppose the matrix M is not I-definite with respect to the rth column. 
Then the elements of that column can be divided into three classes, viz., 
those which are positive: a ir , i = i h i 2 , ■ • ■ , % P ; 

those which are negative: a Jr , j = juh> ■ ' ~>3n', 

those which are zero: a kr , k = k u k%, ■ ■ ■, k z ', 

the number of elements in the respective classes being represented by P, 
N, and Z. 

Consider a matrix Mi ir) derived from M as follows: 
To each pair of elements a, r , a ;r , the first positive and the second nega- 
tive, corresponds one row of the derived matrix, the elements of which are 
second order determinants 

(Xir Clin 
(Xjr &jn 

To each zero element a kr corresponds one row of the derived matrix 



&ir &i\ 




(Xir (Xii 




(Xir Q'ir—l 




(Xir (X%t-\-\ 


(Xj T (Iji 


> 


(Xj r (Xji 


j j 


iXjr (Xjr — 1 


J 


(Xjr (Xj r -\- 1 



0>k\i dk2, 



Gkr—1, dkr+1) 



dkn- 



The matrix M^ r) will then consist of the rows so formed, their number 
being PN + Z. The sequential order of the rows will be determined by 
the convention that: (1) each (ij) row precedes every (k) row; and (2) 
of two (ij) rows that one precedes which has the smaller i or (in case of 
equal i's) that one which has the smaller j. 

The matrix M^ is then well-defined provided the matrix M is not 
I-definite with respect to the rth column. For the sake of uniformity it 
will be convenient to define Mi (r) in case M is I-definite with respect to 
the rth column, as the matrix of one row and n — 1 columns, all elements 
of which are +1 or — 1 according as M is I-positive or I-negative with 
respect to the rth column. The matrix M ± {r) will be called the I-comple- 
ment of the rth column of M, and may be represented by 



MV> = 



On 



(O 



Ol2 



(r) 



Q-lr-1 



(r) 



d\r+\ 



(r) 



din 



(r) 



a 21 



(r) 



a 2r -i (r) a 2r+ i (r) 



&1n 



(r) 









(r) 



The n matrices M i (1) , M ! <2) , • • • , M^ n) will be called the I-minors of n — 1 
columns of the matrix M. 

We may now form in a similar way the I-complement of any column 
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of the matrix ilf 1 (r) . The I-complement of the column headed by ai„ (r) 
will be denoted by ilf 2 (rs) . The n(n — 1) matrices M 2 (rs) , all possible 
choices of r and s being considered, will be called the I-minors of n — 2 
columns of the matrix M. More generally, we define recursively 
j|f p+1 ov«- ■■»>«) as the I-complement of that column of ilf 3 , (rir2 - r * ) which 
is headed by the element Oi r +1 ( ' 1 ' ,- "''* ) . We thus have relative to the 
matrix M a well-defined system of I-minors M p ( - Tir, -" T * > , (p = 1, 2, • • •, 
n — 1). The matrix M itself may be considered as the I-minor of n 
columns.* A noteworthy property of the system thus defined is that if 
.My™ •■•>•*) i s i-definite, then M p+1 (r ' r '-'^ is I-definite. 

Definition : A matrix will be said to be of I-rank k if it possesses at 
least one I-minor of k columns which is I-definite, but does not possess any 
I-minor of k + 1 columns which is I-definite. If none of its I-minors are 
I-definite it will be said to be of I-rank zero. 

As an immediate consequence of this definition there follows the 
Corollary : The I-rank of a matrix is not altered if 

(1) any two rows or any two columns are interchanged; 

(2) all elements of any row or any column are multiplied by the same 
positive constant. 

2. Systems of Linear Homogeneous Inequalities. Relative to the system 
of inequalities 

«iiZi + CI12X2 + • • • + a Xn x„ > 

m a 2i Xi + ai&i + • • • + a 2n x n > 

OmlXi -f" a m iXi "T • • • "T" 0-mn.Xn > 0, 

the matrix of whose coefficients is M , we have the following theorems. 

Theorem I : A necessary and sufficient condition for the existence of a 
solution of the system (1) is that the I-rank of the matrix M be greater than 
zero. 

Theorem II: // the I-rank of the matrix M is k(> 0), then the system 
(1) possesses a solution in which k — 1 of the unknowns may be assigned 
values at pleasure. 

To prove Theorem II, suppose first that k = n. Then there is at 
least one column of M in which all elements have the same sign. We may 
suppose without loss of generality that the first column has this prop- 
erty, since in any case that condition could be brought about by a suit- 
able ordering of the unknowns. The coefficients of x^ in (1) are then all 

" — ' n\ 
* The total number of I-minors of M is easily seen to be 1 + S 7 r; ■ 

ktx (n - p)! 



194 LLOYD L. DINES. 

positive or all negative. In the former case the system is equivalent to 

dl2 «13 0\n 

#1 > — #2 — „ X3 — * - - — _ X n 

"11 «11 an 



(2) 



X\ > - X2 " x 3 • • • - x n ; 

«ml S»l "ml 



and in the latter case to 



(3) 



«12 d\3 <l\ n 

xi < — - -x 2 - — x 3 - • • • — — x„ 
an aii aii 



Xi < - X2 — ~~ X3 • • • - X n 

«ml Uml tt m l 



In either case x 2 , x 3 , ■ • ■ , x n can be assigned values at pleasure. The 
variable x 1 is merely required in the former case to exceed the m lower 
bounds defined by (2) and in the latter case to be less than the m upper 
bounds defined by (3). 

Next suppose k < n. By hypothesis there exists a ft-columned I- 
minor of M which is I-defmite. We may without loss of generality sup- 
pose that it is M n - k < - 12 — n ~ k) . We divide the inequalities of (1) into three 
classes according as the coefficients of x x are positive, negative, or zero ; 
and as in §1, denote the leading coefficients of the three classes by an, an, 
am respectively. Then the system (1) is equivalent to the system 

(4 P ) Xi > — -—xt — — - x 3 — • • • — — x n , 1 = i 1} i 2 , • ■ -, i P ; 
an un an 

(4 A ,) Xi < - — X 2 - — X 3 - • • • - — X n , J = Ji,J 2 , ■ ■ -,J N ; 

Oyi ayi dji 

(4 Z ) > — a k2 Xi — a kz x 3 — • • • — a kn x n , k = k lt k 2 , • ■ • , k z . 

By this system the variable Xi is restricted to lie between the P lower 
bounds prescribed in (4 P ) and the N upper bounds prescribed in (4^). 
Possible values for x x will therefore exist if and only if the right side of 
each inequality of (4 P ) is exceeded by the right side of every inequality 
of (4^), that is if 

(5) («*_«») Xi + (?»_«») Xt + ... + («i»_2*.\ JCn> o, 

\an an) \a a a n ) \a ix an) 

% = X\, I2, ■ • • , lp) 
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We may then think of Xi as having been eliminated, and proceed to a con- 
sideration of the conditions upon x 2 , x 3 , ■ ■ ■ , x n , imposed by (5) and (4 2 ) . 
Remembering that — a a • <i/i > 0, we may write (5) in the equivalent 
form 

(o»iOj2 — a J ia i2 )x2 + (andjz — a n ai 3 )x 3 + • • • + {ana jn — a n a in )x n > 0. 

These conditions, together with the conditions 

a k2 x 2 + a k3 x 3 + ■ ■ • + a kn x„ > 

imposed by (4 Z ), form a system 

a i2 (1) x 2 + a i3 a) x 3 + • • • + a in a) x n > 

(6) ::::::::::: 

a mi2 m x 2 + a mi3 m x 3 + ■ ■■ + a roi „ (1) x„ > 0, 

whose matrix is what we have called the I-minor Afi (1) . 

If ilfi (1) is not I-definite (that is if & < n — 1), we proceed to eliminate 
x 2 from the system (6) as Xi was eliminated from (1), obtaining a system 
of inequalities in the variables x 3) x 3 , • • •, x n , whose matrix is ilf 2 <12> - 

By successive application of the process indicated, the variables 
Xi, x 2 , • • • , x n -k, may be eliminated. The result will be the system 

am-k+i (v) x n - k+ i + ain- k+2 M x n - k +2 + • • • + a ln M x n > 

a mcn - k+ i (v) x n - k+ i + a mv „-k+ 2 w x n - k+2 + • • • + o„,„ ( "'i„ > 

(v) represents the sequence (12- • -n — k), 

whose matrix is M n -k < - li '" n ~ k) and is therefore I-definite. We may sup- 
pose that the column with respect to which this matrix is I-definite is the 
first. Hence the system (7) is equivalent to one of the two systems 

Wln—k+2 l»\ n 

Xn—k+l -> ~ (J) %n— k+2 ' ~1 (^) %n 



(8) 



or 



(9) 



%n— fc+1 > ~Z ( v )%n—k+2 s " " ~~ ~~j (^ %ny 

a ln -k+ 2 (v) a lB <'> 



Xn-k+l < — * („) #7.-4+2 



a ln - k +i" v ' Oi»-hi w ' 



**m„n— fc+2 ^mytl 

Xn-k+l < — ~ ~~'{v) X n-k+2 — • - • — (w) X„. 
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In either case, x n -k+*, x n -k+3, • • -,x n , can be assigned values at pleasure, 
and x n _t + i will be limited by the lower bounds of (8) or the upper bounds 
of (9). The remaining variables x n -h, x n -k-u ■ • •, Xi will have restricted 
but actually existent ranges defined by the systems of inequalities occur- 
ring in the elimination process, the system (4), denning the range for Xi 
being typical. This completes the proof of Theorem II. 

The sufficiency of the condition stated in Theorem I is implied by The- 
orem II. To prove the necessity of the condition, we note that the sys- 
tems of inequalities presenting themselves in the successive steps of the 
process of elimination above described must necessarily be satisfied if a 
solution of (1) is to exist. If the I-rank of the matrix M is not greater 
than zero,. the process of elimination can be continued until a system 

a ln M x n > 

ai£. > 

containing only one variable is obtained. Since the matrix of this sys- 
tem, possessing as it does only one column, is by hypothesis not I-definite, 
the system is obviously inconsistent. This completes the proof of The- 
orem I. 

3. Systems of Linear Non-homogeneous Inequalities. Consider the sys- 
tem of non-homogeneous inequalities 

a n Xi + a 12 Xi + • ■ • + ai„x n + 6i > 
qqn, 021*1 + a 2 2*2 + • • • + a-i n x n + 62 > 

a ml Xi + a m2 x 2 + • • • + a mn x„ + b m > 0, 

the matrix of whose coefficients is M . 

By a process of elimination similar to that used in the preceding section, 
we may obtain 

Theorem III: If the I-rank of the matrix M is k(>0), then the system 
(10) possesses a solution in which k — 1 of the unknowns may be assigned 
values at pleasure. 

From this theorem it follows that a sufficient condition for the exist- 
ence of a solution of (10) is that the I-rank of M be greater than zero. 
That this condition is not necessary may be shown by a simple example. 
The system 

xi + 1 > 

- Xi + 1 > 

has a matrix of I-rank zero, but has the obvious solution 

- 1 < Xi < 1. 
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A condition which is both necessary and sufficient for the existence of 
a solution of (10) may be obtained as follows. In (10) we make the sub- 
stitution 

X\ X 2 x n 

X 2 = 



Xn+1 



Xn 



X n +1 



X n +1 

with the restriction 

(11) Xn+l' > 0. 

Upon multiplication of each inequality of (10) by x n +i , and annexation 
of (11), there results the system of homogeneous inequalities: 

anXi' + a 12 x 2 ' + ■ • ■ + a ln x n ' + &iz» +1 ' > 



(12) 



a ml Xi + a m2 x 2 ' + • • • + a mn x„' + b m x n+1 ' > 

x n+ i > 0. 



Every solution (xi, x 2 , • ■ ■ , x n ', x n +i) of the system (12) affords a 
solution 

I \ - ( Xl ' Xi ' Xn ' \ 

\Xl, X 2) • • • , Xn) — I /, /J - "") /) 

of the system (10). And conversely, to every solution (x u x 2 , ■ ■ • , x n ) 
of (10) there corresponds a solution 

(#1 , X 2 , • • •, X n , #n+l ) = \Xi, X 2 , • • • , X„, 1) 

of (12). But a necessary and sufficient condition for the existence of a 
solution of (12) is by Theorem I that the I-rank of the matrix 



N 



be greater than zero. Hence 

Theorem IV : A necessary and sufficient condition for the existence of a 
solution of the system (10) is that the I-rank of the matrix N be greater than 
zero. 

4. The Determination of the Solution. In the process of elimination 
carried out in §2, it was assumed that since the I-rank of the matrix M 



a n 


«12 • 


• • a\ n 


6i 


a 21 


a 22 • 


• ■ a 2 „ 


b 2 


a m \ 


O-ml • 


amn 


b m 





• 


■■ 


1 



was k, the I-minor M„. 



, (12...n-it) 



was I-definite. The effect of this assump- 



tion was to assure us that upon the elimination of the variables Xi, x 2 , 
• • • , x n -k, in their natural order, the matrix of the resulting system would 
be I-definite, and k — 1 of the unknowns could be assigned values at 
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pleasure. While this assumption was justifiable in the existence proof of 
§2, it must be recognized that for a given system of inequalities with nu- 
merical coefficients, the number of unknowns whose values are arbitrary 
in the solution depends upon the order in which the elimination is made. 
Consider for example the simple system 

x + y > 

- x + y > 0. 

If we solve first for x we obtain 

- y < x < y 

which implies the restriction y > 0. 

But if we solve first for y, we obtain the solution 



y > \ _ , x arbitrary 



In the former case both variables are restricted; in the latter, one is arbi- 
trary. Both solutions represent the totality of number pairs (x, y) which 
satisfy the given system of inequalities.* 

If merely a determination of the totality of number sets (x 1} Xi, • ■ ■, 
x n ) which satisfy a system of inequalities of form (1) is desired, it may be 
obtained by the process of elimination described in §2, the order of elimi- 
nation being immaterial. The calculation required is merely the formation 
of a sequence of I-minors of the matrix of coefficients, each I-minor being 
the I-complement of a column of its predecessor, the process to be con- 
tinued until an I-definite matrix is obtained, or until the sequence is auto- 
matically terminated by an I-minor of one column. The successive I- 
minors are the matrices of the successive systems of inequalities occurring 
in the elimination. If no one of them is I-definite, the given system ad- 
mits no solution. If the last one is I-definite, the possible ranges for the 
variables can be determined from them by inspection. 

Example : Solve the system 

Xi — Sx 2 + x 3 — Xi > 

2zi - 3x 2 + x 3 + 2x 4 > 

3zi - 2x 2 + 3x 3 + x 4 > 

- 2xx + 2x 2 - x 3 + 2xi > 0. 



* The difference in form of the solutions is immediately explained if the number pair (x, y) 
be interpreted as the coordinates of a variable point in a plane. 
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We form the sequence of I-minors 



M 



1-3 1-1 

2-3 1 2 

3-2 3 1 

-2 2-1 2 



Mi<» 



- 4 1 


- 2 8 


2 3 8 



M 2 < 12 > 



14 32 
6 32 



Since M 2 (12) is I-definite with respect to both columns either x 3 or Xi may 
be arbitrary, the other being restricted in terms of it. From Mi a) , x 2 
may be bounded in terms of x 3 and Xi, and from M, Xi may be bounded 
in terms of x 2 , x 3 and x t . A complete solution is 



Xi 


arbitrary, 


x 3 


>|: 


¥-Xi 
¥~Xi> 








- \x 3 


- 4x 4 } < 


X2 < j 


\x 3 
4x 4 






0X2 ~ 


- x 3 + 


Xi] 












%X 2 - 


" 2^3 — 


Xi 


< Xi 


< {x 2 


- \x 3 


+ 


Xi. 


\x 2 " 


- x 3 - 


Xi\ 













A solution in which two of the variables are arbitrary may be obtained 
by forming the I-minors 



M = 



1-3 1-1 

2-3 1 2 

3-2 3 1 

-2 2-1 2 


Jfi«> = 


- 1 - 1 1 

0-14 
- 3 4 7 




[ Xi + x 2 


Xi and x 2 arbitrary, 


Xi > \ 


-fX 2 , 



— Xi + 3x 2 + £ 4 

— 2#i + 3x 2 — 2^4 

— Xi + 3^2 — 5#4 . 
University op Saskatchewan. 



.fri 



}X 2 



< x 3 <{- 2x! + 2x 2 + 2x 4 . 



